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Abstract 

We explicitly construct soliton solutions in the low energy description of M- 
theory on /Z2. It is shown that the 11-dimensional membrane is a BPS solution 
of this theory if stretched between the Z2 hyperplanes. A similar statement holds 
for the 11-dimensional 5-brane oriented parallel to the hyperplanes. The parallel 
membrane and the orthogonal 5-brane, though solutions, break all supersymmetries. 
Furthermore, we construct the analog of the gauge 5-brane with gauge instantons 
on the hyperplanes. This solution varies nontrivially along the orbifold direction 
due to the gauge anomalies located on the orbifold hyperplanes. Its zero mode part 
is identical to the weakly coupled 10-dimensional gauge 5-brane. 
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1 Introduction 



One of the most interesting physical consequences of string duahty is the description of 
strongly coupled heterotic string theory as M-theory on /Z2 |T|. The low energy limit 
of this theory has been constructed as 11-dimensional supergravity coupled to two 10- 
dimensional super- Yang-Mills theories on the two orbifold fixed hyperplanes |^ . This 
construction allows one to study some of the physics in the strongly coupled region of 
the heterotic string, despite the fact that the fundamental underlying theory is still not 
fully known. More precisely, the effective action of ref. has been constructed as an 
expansion in powers of the 11-dimensional Newton constant k where terms up to the first 
nontrivial order, that is k^^^ relative to 11-dimensional supergravity, have been taken into 
account. 

A wide class of vacuum solutions to the field-theoretical model of which are relevant 
for a dimensional reduction down io D = A theories with residual N = 1 supersymmetry, 
has been constructed in ref. 0]. These solutions correspond to Calabi-Yau 3-folds times 

jZi times 4-dimensional Minkowski space in the zeroth order in k. Once terms of order 
K^/^ are taken into account, the Calabi-Yau space gets deformed due to the nontrivial 
structure of the 3-form Bianchi identity. 

In recent years, soliton solutions have played a crucial role in the study of dualities 
and nonperturbative effects in string and field theories. In particular, such solutions have 
been constructed for weakly coupled heterotic string theory 0, |, ||, |^. If M-theory on 

jZi indeed describes the strong coupling limit of heterotic string theory, one expects 
to find the counterpart of those solutions as solitons of M-theory on /Z2. Therefore, 
it is of interest to find the explicit soliton solutions of the field theoretical low energy 
description of M-theory on jZ^ constructed in [|[|. 

In this paper, we are going to construct several fundamental solutions for M-theory on 

/Z2, namely explicit solitonic solutions that preserve a fraction of the supersymmetries 
of the original theory. Furthermore, we will compute these solitonic solutions to order k^/^, 
thus including the non-trivial effects of the gauge and gravitational anomalies. Specifically, 
we will discuss the membrane, 5-brane and gauge 5-brane solitons of M-theory on /Z2. 
Having these solutions in an explicit form helps in verifying duality relations to other 
models. Finally, it is interesting to study the implications of the nontrivial boundary 
conditions at the hyperplanes on the amount of supersymmetry supported by the solution. 



2 General properties of the theory 

We start with a brief overview of M-theory on /Z2 which describes the low energy 
limit of the strongly coupled heterotic string theory [Q. The 11-dimensional coordinates 
are denoted by We take x^^ as the orbifold direction and choose the range 
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x^^ G [— vrp, 7rp] with a periodic identification x^^ ~ x^^ + 27rp of tlie endpoints. Tlie 
Z2 symmetry acts and, tlierefore, gives rise to two 10-dimensional fixed 

hyperplanes at x^^ = and x^^ = np respectively. The effective action for M-theory on 
S^/Z2 describes the couphng of two 10-dimensional £^8 super- Yang-Mills theories on these 
hyperplanes to 11-dimensional supergravity in the bulk. Let us denote 11-dimensional 
indices by I,J,K,... = 0,...,9,11 and 10-dimensional indices by A,B,C,... = 0, ...,9. 
Then the bosonic part of this action is specified by 

S = [ d''x(CsG + 5ix'')CYM) , (1) 
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with 
and 

^YM = -^\/^ triFAsF^^) + ■■■ (3) 

where = 27r(47r/t^)^/^. Here, the dots indicate the omitted fermionic terms which 
will be of no importance for the purpose of this paper. £sg is the usual Lagrangian 
of 11-dimensional supergravity [§]. The "boundary" Lagrangian Cym describes an Es 
super- Yang-Mills theory at x^^ = plus additional (fermionic) terms which result from 
the coupling to 11-dimensional supergravity. The metric ^^qab is the restriction of the 
11-dimensional metric qmn to the Z2 hyperplane. For simplicity, we have concentrated 
on the hyperplane at x^^ = 0. The contribution from the hyperplane at x^^ = vrp adds in 
an obvious way to the action (|l|) as well as to the following formulae. The above action 
has to be supplemented with the nontrivial Bianchi identity 

idG)uABCD = -3V2'^Six'') [tiiF^AsFcD]) - ^tiiRiABRcD])) , (4) 

for the 4-form field strength Gjjkl- It has been derived in ref. from the requirements 
of anomaly cancellation and supersymmetry and it is designed to reproduce the analogous 
equation for the heterotic string upon reduction to 10 dimensions. In particular, the factor 
of 1/2 in front of the tr(i?^) serves to distribute the total gravitational contribution equally 
to the two hyperplanes. The Bianchi identity (|^) can be solved in terms of the 3-form 
field GjjK and the gravity and Yang-Mills Chern-Simons forms cu^sc; ^abc as follows 

Gabcd = dACscD ± 23 perm. (5) 

^2 ^ 

GiiBCD = (SiiCscD ± 23 perm.) + --^=^5(x")(wbcd - -^^bcd) • (6) 
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Explicitly, the Yang-Mills Cliern-Simons form is given in terms of the gauge field as 



^ABC — tr 



2 

AAidsAc - OcAb) + -Aa[Ab, Ac] + cydic perm. 



(7) 



A similar expression holds for cu^sc- Let us now collect the bosonic equations of motion 
to be derived from the action (P which we are going to need for our discussion of soliton 
solutions. For the explicit examples, we will find that the gravitational contribution to 
the anomaly in eq. (^) vanishes. Consequently, we drop the resulting terms from the 
following equations of motion. The Einstein equation is given by 

1 ~ 1 " " JKL 1„ r^lJKL\ I r/ ii> 



Rmn — -QmnR + - [GmjklGn — -QmnGuklG j + 6{x )Tmn — , (8) 
where the only nonvanishing components of the Yang-Mills stress energy tensor Tmn are 

(9) 
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Tab = -TijiguM) 2 



tr(FAcFB^) - -gABtT{FcDF' 



The 3-form equations of motion read 
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Finally, for the gauge fields we have 

DAF^''''-^i9u^if^Fi,^G''^^^- ^^^^^ ^^^^^^ = , (11) 

with the space-time and gauge covariant derivative Da- It is important to restrict the 
solutions of the above set of equations to those which respect the Z2 orbifold symmetry. 
This Z2 invariance implies for the fields 

9ab{x^^) = gAB{-x^^) Gabcd{x^^) = -Gabcd{-x^^) 
QAuix'') = -gAui-x^') GuBCDix'^) = Gubcd{-x'') (12) 
9n,n{x'') = 9u,u{-x'' Cabc{x'') = -Cabc{-x'') 

CiiBcix'') = CuBci-x'') 

Clearly, there is no condition on the gauge fields, since they are defined on the Z2 hy- 
perplanes only. Furthermore, to check the number of preserved supersymmetries for the 
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solutions we are going to consider, we will need the supersymmetry transformations of 
the gravitino and the gauginos 

= I^Mr/ + ^(rM™-85{,r^^^)r/G,j^i+ ■•• (13) 

= -V^F^^r/+ ■■• . (14) 

The dots denote terms that involve the fermion fields of the theory. These terms vanish 
for the purely bosonic solution we are interested in. The 11-dimensional gamma matrices 
obey the condition {rjv/,rAr} = 2gMN- In order to keep the transformation (|T3[) compat- 
ible with the Z2 symmetry, the 11-dimensional Majorana spinor 77 has to be restricted 

by 

77(x^i) = rnr7(-xi^) . (15) 

Note that this condition by itself does not restrict the number of 11-dimensional supersym- 
metries. On the Z2 hyperplane, however, we have the chirality condition //(O) = Turji'iS) 
which leads to the correct amount of supersymmetry, iV = 1, in 10 dimensions. 



3 The membrane 

We are now ready to discuss BPS solutions of the above theory. To this end, it is useful 
to observe that the Yang-Mills boundary theory £ym in eq. (0), as well as the nontrivial 
term in the Bianchi identity (||), are suppressed by k^^^ with respect to the bulk theory 
£sG- To lowest order in k, the theory can thus be viewed as 11-dimensional supergravity 
subject to the Z2 constraints (|12|). One approach to finding BPS solutions is, therefore, 
to start with such a solution of 11-dimensional supergravity; that is, with the elementary 
BPS membrane or the solitonic BPS 5-brane, and analyze to what extent it generalizes to 
a BPS solution of M-theory on /Z2- This requires a discussion of Z2 invariance as well 
as K^/^ corrections. We will follow this approach for the D = 11 membrane and 5-brane. 

Let us briefly review the multi-membrane solution of 11-dimensional supergravity 
1^ . It is specified by the Ansatz |||, |^ 

C^up = .^^^pupG^ (16) 

Gmp,pp i n- „ ^ijLVpdra^ 

Here are the 2 + 1 worldvolume coordinates labeled by indices fi,^, ... and y"^ are the 8 
transverse coordinates labeled by indices m,n, .... Furthermore, is the determinant of 
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the world volume part of the metric. The functions A, B, C depend on the transverse co- 
ordinates y"^ only. This Ansatz represents a muhi-membrane solution of 11-dimensional 
supergravity (strictly, coupled to the 11-dimensional supermembrane action) provided 
that A = C /3 and B = —C/6. Here e"*" should be a harmonic function; that is, it should 
fulfill □e^'" = away from the singularities where □ = 6"^^dmdn is the transverse Lapla- 
cian. For a solution corresponding to membrane sources at y^*^ = (y*-*-*™), the harmonic 
function e"*" can be written as 

1 



= i + (17) 



With the above relations between A, B and C, the supersymmetry variation of the grav- 
itino in eq. ([T3|) vanishes for spinors rj of the form 

r] = e^p, p = po e^/^ , (18) 

with constant 3- and 8-dimensional spinors e, po and po satisfying the chirality condition 

(l±a)po = 0. (19) 

In these formulae, the 11-dimensional gamma matrices have been split as Fm = {7/^ ® 
cr, 1 ® (Tm}, where 7^, am are the 3- and 8-dimensional gamma matrices, respectively, and 
a = Yim'^m- The projection condition ([l^) states that the solution preserves 1/2 of the 
original D = 11 supersymmetry. The sign in eq. (p!9|) which determines the chirality of 



the preserved supersymmetry is the same as in the Ansatz (16). 

Next, we would like to embed this solution into M-theory on S^/Z2. This requires, 
as a first step, a discussion of its Z2 properties. There are two different ways to orient 
the membranes with respect to the a;^^-direction, namely to choose x^^ as a worldvolume 
or a transverse coordinate. In the first case, the membranes stretch between the two Z2 
hyperplanes and intersect them as 1 + 1-dimensional extended objects; that is, as strings. 
In the second case, the membranes are parallel to the Z2 hyperplanes. Let us first assume 
that x^^ is a worldvolume direction. In this case, there is no explicit dependence on x^^ 
in the solution (0), so that the only nonvanishing fields should be the Z2-even ones. 
A comparison with the Z2 conditions (|T^) shows that indeed all fields in the eq. ([I6| ) 
are Z2 even. The "orthogonal" membrane therefore automatically satisfies the orbifold 
constraint. In addition, to find the number of preserved supersymmetries, we have to 
implement the Z2 constraint (|T^ on the spinor rj. With Fn = 711 ® a, eqs. (0), ( [T^ ) 
imply 

(l±a)po = 0, (l±7ii)e = 0, (20) 

for 7] as defined in eq. (0). Again, the sign which determines the chirality of the pre- 
served supersymmetry is the same as in the Ansatz (0). These conditions show that the 
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membrane solution preserves 1/4 of the 11-dimensional supersymmetry of M-theory on 
S^/Z2 and 1/2 of the supersymmetry on the 10-dimensional hyperplanes. It is in this 
sense that we will use the term "BPS state of M-theory on IZ2 in the following. So 
far we have only considered terms to lowest order in k. How is the solution affected by the 
corrections of order k^/^? Since we have not turned on gauge fields, the only source of such 
a correction is the tr(i?^) term in the Bianchi identity (|^). It is, however, straightforward 
to show that tr(i?^) vanishes for the Ansatz (|TB|) and, consequently, the solution does not 



receive any corrections of order k^^^. To summarize, we have therefore seen that the BPS 
membrane solution of D = 11 supergravity stretched between the hyperplanes is also 
a BPS solution of M-theory on jZ^-, including corrections of relative order n^l"^ . Upon 
restriction to the hyperplanes, the solution reduces to a string solution in the same way 
the membrane of D = 11 supergravity reduces to a string by dimensional reduction of one 
of its worldvolume coordinates 0. This result extends immediately to multi-membrane 
solutions ending in multi-strings on the boundary hyperplanes. 

It remains to show that the singularities in the above solution arise from superme- 
mbrane source terms ||^. For this to be the case, the source terms and, hence, the 
supermembrane equations of motion, must be compatible with the Z^ orbifold symmetry. 
The gauge anomaly of the supermembrane worldvolume action embedded into a target 



space manifold with boundaries has been discussed in ref. |T0|. Since, for the membrane 
solution, the gauge and gravitational anomalies are not switched on, we are allowed to 
consider the simple supermembrane action without anomaly cancellation terms for our 
purpose. The bosonic part of this action is 



(21) 

where i = 0, 1, 2 are the worldvolume coordinates, jij is the worldvolume metric and 
X*^ are the 11-dimensional target space coordinates. It follows from the identification of 
X^ with in the equations of motion for S + Ssm that the target space coordinates 
should transform as X^ — > X^, X^^ —X^^ under the Z2 symmetry. Furthermore, this 
identification tells us that the background fields qmn^X^) and Cmnp{.X'^) should satisfy 
the Z2 conditions (|I2|) with x^^ replaced by X^^ . Though the following discussion can be 
carried out in general, it is enough for our purpose to consider the specific gauge 

X^ = e^ /i = 0,l,ll, (22) 

which is adapted to the orientation of the membrane worldvolume parallel to the orbifold 
direction. Clearly, this leads to the Z2 transformation ^* — > = 0, 1 and —^^^ 
for the worldvolume coordinates. Then it is straightforward to show that the membrane 
equations of motion are Z2 covariant provided we require for the worldvolume metric that 
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luMe') = luM-e') (23) 

where i, j = 0, 1. This follows easily from the 7-equation of motion, jij = diX^djX^ qmn, 
using the above gauge choice and the Z2 properties of the metric. We conclude that, for 
an appropriate extension of the Z2 symmetry to the worldvolume coordinates and a re- 
striction of the worldvolume metric as above, the supermembrane equations of motion 
are Z2 covariant. The explicit solution which we need to support the singularity is, in the 
j^At _ ^fj^ ^ _ ]^]^ gauge, X™ = const, m = 3, ...,9 and •y^^j = e'^^rj^^. According to 
the above rules, this solution indeed respects the Z2 symmetry and, therefore, provides 
an acceptable source term for the "parallel" membrane solution of M-theory on S^/Z2. 
In addition, we should check that this solution does not break any of the preserved super- 
symmetries. This can be done in exactly the same way as for the ordinary 1 1-dimensional 
membrane and is guaranteed by the condition ([T9|) . 

Let us now address the case of x^^ as a transverse direction. First, we should guarantee 
the Z2 invariance of the harmonic function e~'" . This is easily done by pairing each 
membrane source at ?/(*)^^ with a "mirror source" at — in the expression ([T7|). Then 
all metric components in eq. (0) are Z2 invariant. The components Gu^^p of the 4-form 
in eq. (|16D, however, are proportional to due'" which changes sign under x^^ —x^^. 
This is in conflict with the Z2 conditions (p!2|). One can cure this problem by using the 
additional sign freedom in eq. (^); that is, by choosing the + sign for x^^ G [0, vrp] and 
the — sign for x^^ G [— 7rp, 0]. Previously we had the chirality conditions ( pO| ) either for 
the positive or the negative sign. Now the conditions (|20|) have to be simultaneously 
fulfilled for both signs, so that all components of the spinor are projected out. Therefore, 
though this is a way of constructing a solution of M-theory on S^/Z2 based on the 11- 
dimensional membrane parallel to the hyperplanes, this solution does not respect any of 
the supersymmetries of M-theory on /Z2. Clearly, by the same argument as previously, 
the solution receives no corrections from k^^^ terms. 



4 The 5— brane 

Next, we will carry out a similar discussion for the 5-brane of D = 11 supergravity [ p!T| . 
The Ansatz for this solution is given by 



ds^ = e^^dxf'dx''r]p^ + e^^dy'^dy''6mn 



^mnrs -'- ^Jt^ ^mnrs "^iC , \^^) 

where /x, i^, ... label time and the 5 spatial worldvolume directions and m,n,... the 5 
transverse directions. This Ansatz solves the equations of motion of 1 1-dimensional su- 
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pergravity provided A = —C/6, B = C/3 and e ^'^□e'^ = 0, where □ = 6"^'"'dmdn- For 
5~branes at y'^*^ = the harmonic function e*^ can be written in the form 

With the above relations between A, B and C, the gravitino supersymmetry variation ([T3| ) 
vanishes for spinors 

ri = e^p , p = e-^/^Vo (26) 

with 

(l±7)e = 0. (27) 

Here, e, po are constant 6- and 5-dimensional spinors, respectively. The sign in eq. ( [27| ) 
which determines the chirality of the unbroken supersymmetries is the same as the one in 
the Ansatz (p^. We have decomposed the D = 11 gamma matrices as Tm = {j^i ® 1, 7 ® 
am} with 7 = ri/^TAt- As before, to discuss Z2 invariance, we distinguish the two cases of 
x^^ being a worldvolume or a transverse direction. Let us start with the latter case. Z2 
invariance of the harmonic function e*" is achieved by pairing each 5-brane at with a 
mirror 5-brane at — ?/(*)^^ in eq. p5|). Comparison with the Z2 condition (^) shows that 
this guarantees a Z2-even solution. Using Fn = 7 ® <Jn and the eqs. (|^), (0) we get 

(l±7)e = 0, (l±an)po = 0. (28) 

Therefore 1/4 of the 11-dimensional supersymmetry and 1/2 of the 10-dimensional su- 
persymmetry of M-theory on /Z2 is preserved. As in the membrane, ii{R^) vanishes 
for the metric (^) so that the "parallel" 5-brane receives no corrections of order k^/^ . 
In summary, we have seen that the 11-dimensional 5-brane oriented parallel to the Z2 
hyperplanes is a BPS solution (understood in the sense explained above) of M-theory on 
/Z2 including terms of order h?^^. 

For the 5-brane stretched between the hyperplanes, we face a similar situation as for 
the "parallel" membrane. In this case, the function e*" is automatically Z2 invariant. The 
components Gmnrs in eq. (P^, however, do not change sign at the hyperplanes as required 
by Z2 invariance unless we use the sign freedom in the Ansatz (p^). As before, this means 
that we choose the + sign for x^^ G [0, vrp] and the — sign for x^^ G [— 7rp, 0]. This leads 
to a solution of M-theory on / Z2 including k^/'^ terms. However, since the sign in the 
Ansatz ( p4|) is linked to the sign in the chirality condition (^), eq. (|28| ) holds for both 
signs simultaneously. Consequently, no supersymmetries are preserved. 

5 The gauge 5— brane 

The solutions derived from 11-dimensional supergravity which we have considered so far 
did not lead to any nontrivial term on the right hand side of the Bianchi identity (^, 
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since tr(i?^) = 0. A way to obtain a nontrivial Bianchi identity, is to consider a solution 
with a nonvanishing gauge field configuration, so that tr(F^) 7^ 0. For the weakly coupled 
heterotic string, such a solution is given by the gauge 5-brane of ref. ||^. We are now 
going to analyze the analog of this solution in the strongly coupled case. 

Since tr(i?^) = for the metric which we are going to consider, the Bianchi identity (^) 
now reads 



{dG)nABCD = -3v^^ {S{y''MFl^BF^%) + 6{y'' - vrp)tr(Fg),Fg,,)) , (29) 

where we have included gauge fields strengths F^^^ and F^"^^ for both hyperplanes. Later 
on, we will find it useful to solve this Bianchi identity, as well as the equation of motion 
for G, in the boundary picture as opposed to the orbifold picture which we have used 
so far. In this picture, we think of the 11-dimensional space as the interval < x^^ < vrp 
times a 10-dimensional manifold. Then the source terms in the orbifold picture turn into 
boundary conditions at the two boundaries x^^ = 0, vrp of the 11-dimensional manifold. 
More explicitly, one can determine these boundary conditions by solving the above Bianchi 
identity close to the fixed points [0]. The resulting conditions are 



..2 

Gabcd\^ii=o = — ^-^tr(Fj^j^F^'^]) 



3 . '^(1) 

[AB-^CD] 

Gabcd\^ii=^p = +-^j^tT{F^^^^F^l^) . (30) 



(2) f(2) 



3 



One then solves the homogeneous Bianchi identity dG = instead of eq. (|29|), with the 



equation of motion for G being subject to the conditions (|30D 

Let us now set up the Ansatz for the gauge 5-brane solutions. The previous experience 
with the ordinary 5-brane leads us to orient the x^^-direction in the transverse space in 
order to preserve some supersymmetries. We therefore start with the Ansatz 

ds^ = e^^dx^'dx^r]^^ + e^^dy'^dy^'dmn (31) 

for the metric, where fi,^,... = 0, ...,5 label the worldvolume directions and m,n,... = 
6, ...,9,11 the transverse directions including x^^. We also introduce indices a,b,... = 
6, ...,9 for the transverse directions orthogonal to the orbifold. For the 4-form we write, 
in analogy with the ordinary 5-brane, 

G - ±—p-^^e *ap^ r32^ 

^mnrs ^mnrs '-'t^ ■ V / 



Finally, we have to specify the gauge fields. We consider simple SU{2) instantons |]12 
on both Z2 hyperplanes specified by ^a^'^-** = Vab'^^^^bhi,2 where hi^2 = — ln/i,2- Here 
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the tensors ry^^^ are defined by r/^^' = eoiafe + ^^^""^^^ia^bo — ^ib^ao) and the function / 
satisfies f~^n^f = with the 10-dimensional transverse Laplacian ^4 = 5°'^dadb. The 
signs e*^^'^-* = ± in the definition of //^fe^''* specify whether the instanton is selfdual (+ 
sign) or anti-selfdual (— sign). The SU{2) generators are chosen as T* = rY2z with the 
Pauh matrices t\ For the gauge fields defined in such a way, one finds tT{Fl^^^'^^ Pj:^'^^) = 
±|ea6cd'^4^i,2 wherc iabcd is the fiat totally antisymmetric e tensor. Thus, the right hand 
side of the Bianchi identity (^) or, equivalently, the boundary conditions ( pOD are com- 
pletely determined. 

We are now ready to discuss the equations of motion. Since the Ansatze for the metric 
and the 4-form are identical to the ones for the ordinary 5-brane, it is natural to look for 
a solution which fulfills the familiar relations A = — C/6, B = C/3. Indeed, using these 
relations one finds that the (mn) components of the Einstein equation (§), the equation 
of motion (0) for G and the equations of motion for the gauge fields (0) are identically 
fulfilled. The remaining equations are the {^u) components of the Einstein equation and 
the Bianchi identity ( p9D which both contain gauge field source terms. If we choose the 
instantons on the hyperplanes to be of the same type (both selfdual or both anti-selfdual) 
and, in addition, choose (anti)-selfdual instantons for the + (— ) sign in the Ansatz P^ ) 
for G (e^^) = e*^^^ = ±), then these two equations are, in fact, identical to 

□46^ = 6{y'')Ji + 6{y'' - vrp) J2 . (33) 

Here Ds = 5™"(9m,9„ and Ji, J2 are the instanton source terms explicitly given by 

Ji,2 = (34) 

with the functions hi^2 as defined above. The remaining problem is to solve equation (|5BD, 
and we will find it useful to do this in the boundary picture. Following the steps explained 
in the beginning of this section, the equivalent problem in the boundary picture can be 
formulated as 

□5$(x";x^^) = (35) 

with boundary conditions 

5ii$U-=o = 9n«l'U.ii=.p = (36) 

Here we have defined $ = e*". In this formulation, it is obvious that the solution will have 
a nontrivial dependence on the x^^-coordinate since the field $ has to interpolate between 
the "surface charges" on the boundaries provided by the instantons. More specifically, 
since M-theory on S^/Z2 turns into weakly coupled heterotic string theory upon shrinking 
the x^^ direction, we expect an x^^-independent bulk component of $ which, in some sense 
(to be precisely specified later), corresponds to the weakly coupled gauge 5~brane. On top 
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of this bulk component, $ contains an x^^-dependent piece which represents the strong 
couphng regime "dressing" of the gauge 5-brane. In general, this solution for $ cannot be 
expressed in terms of the instanton sources Ji,2 in a simple way. Noticing that eqs. (pSf), 
(^) constitute a problem in potential theory with von Neumann boundary conditions, one 
might apply methods familiar from classical electrodynamics to find a solution. Here, we 
will, however, use a more direct approach which is better suited to the expected structure 
of the solution. Let us split $ into two parts as 



$ = $0 + 



6, 7, 8, 9, 11, and $n is a function of x°- , 



where is a function of x"^, m 
The average < ... > over the 11-th dimension is defined as < / >= 
further demand that 

<</)>= 0. 



(37) 

= 6, 7, 8, 9 only. 

YJI' f{x'^)dx^\ We 



(3^ 



The condition < >= can always be achieved by a redefinition of $05 and it determines 
the decomposition (|37D uniquely. The idea is that the x^^-independent piece $0 is the zero 
mode of $ and will eventually correspond to the 10-dimensional gauge 5-brane, whereas 



represents the x -dependent corrections. Inserting this Ansatz into eq. (35) one gets 



0. 



(39) 



In addition, it follows from eq. (|36D that has to fulfill the boundary condition 



dm 



=7rp 



By integrating over x^^, taking into account < 
4-dimensional equation for $0 



>= and eq. 



(40) 

we arrive at a purely 



□4$ 



4^0 



27rp 



(^1 + J2 



(41) 



91) we find 4> to be deter- 



On the other hand, using this result to eliminate $0 from eq. 
mined by 

□40 + 9i\0= --^(Ji + J2) . (42) 
znp 

What we have achieved so far is to split the original equation into an x^^-independent 
equation (^) for $0; and a modified boundary value problem for 0. Together, the equa- 
tions (1^), ( ^2]) and d^ ) are completely equivalent to the original problem. If we put 
J2 = 0, eq. (^iD is just the same equation that arises for the weakly coupled gauge 5- 
brane. Its solutions are therefore well known 0. Consider the case of two instantons, one 

located on the x^^ = hyperplane at r = (where r = Jy°"y^5ab is the 4-dimensional 
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radius) with size specified by ai and hi = — ln(l + ^), and the other on the x^^ = np 

hyperplane, also at r = 0, with size a2 and /i2 = — ln(l H — j). Then the nonsingular 
solution of equation (^Tf ) is given by 

°~^^^l,(af + r2)2 + (a| + r2)2j ' ^^^> 

The arbitrary additive constant in $o has been normalized to 1, so that the physical 
distance between the two hyperplanes far away from the instanton core (r oo) equals 
the coordinate distance up. Note that allowing formally a2 —>■ 0, and subtracting ^^^2^2 
which is a solution to the homogeneous equation, corresponds to the special case of an 
instanton at x^^ = but no instanton on the x^^ = up hyperplane. In this case, the above 
solution becomes 

TipX^ (cr^ + 

which corresponds to Strominger's original solution. The generalization of this solution 
to two instantons located at different positions, as well as to the multi-instanton case, is 
straightforward. 

The final task is to find the solution for which contains the nontrivial dependence on 
x^^. In general, the solution of eq. (|42D is very complicated because of the mixing of x^^ 
with the 4-dimensional coordinates. A solution can, however, be obtained by considering 
the following expansion 

n=oo 
n=0 

where 

= Pn{x^^)^lh + Qn{x^^W2 . (46) 

Here, Pn and Qn are functions of x^^. Inserting this series into eq. (53), and applying 



"^0 = 1 + ^77^7-^—^. (44) 



the boundary conditions ( ^OD as well as < >= 0, we arrive at the recurrent series of 
equations 

diiipo = --^{Ji + J2), 5ii^oUii=o = dutpo\^ii=^p = -I-J2 

Znp L 



dulpn = -D^lpn-l, 9iiV^„|^ii=o,7rp = 0, U = 1,2, ... 



(47) 



and 



<Vn>=0, n = 0,1,2,... (4^ 
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This series has a recursive solution in terms of polynomials P„, Qn, where 



[x'^'^Y vrp [x^^Y Txp 



and 



<9iiP„ 1^.11=0 = 5 "^iiQn 1^11^0 = (50) 
< P„ >= , < Q„ >= , (51) 

for n > 0. For consistency, we have to check that the polynomials P„, Q„ can really 
be chosen to fulfill all three conditions; that is, the two boundary conditions and the 
vanishing average condition. This is, a priori, not obvious since they are obtained by 
integrating a second order differential equation and, therefore, contain only two free pa- 
rameters. Luckily, using the differential equation for P„, the vanishing of the average, 
< Pn-i >= implies that P„ automatically satisfies the correct boundary condition at 
x^^ = rep (and the same for Qn)- The other two conditions can be fulfilled by adjusting 
the two integration constants so that P^ is uniquely determined. It is easy to compute 
the successive polynomials. For example, 

^ ~ 487rp 12~^ 12 90"' ~ 487rp 24 ^ 720 ^ ' 

Now, the question arises as to how quickly the series solution constructed above converges. 
As one can easily check, the ratio of two successive terms in the series (^5]) is given by 
ipn/ipn-i = O {{npY /a^), where a is the scale over which the gauge field varies (the 
instanton size). Formally, our series provides a solution for any value of this ratio. For 
very small instantons, however, the series might converge poorly. If, on the other hand, 
the instanton size is sufficiently large as compared to the separation vrp of the boundaries, 
the series rapidly converges and the solution for (p is well approximated by the first few 
terms in the series. Let us again consider the case of two instantons, one of size ai located 
at r = on the x^^ = hyperplane, and the other of size located at r = at x^^ = vrp. 
If we assume that cTj ^ Tip for i = 1, 2, then the solution for (p is well approximated by the 
first two terms in the series (|§). It follows from (g),(|§),(|UD,(^ that = + ^1 + ■ ■ 
where 



and 




V'o = -48^ ( Poix'') , + Qo{x'') , (53) 



[al + r^Y '{al + r^ 



K 



2 / 0^2 0^2 



V^i = -768 - ( P,(x'')j-^—^ + QM') ,_^ , ' 1 . (54) 
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We emphasize that this x^^-dependent solution represents a true strong couphng correction 
to the gauge 5-brane. 

As an example, in Figure 1, we have plotted as a function of x = x^^ and the 
4-dimensional radius r interpolating between two slightly different instantons located 
opposite to each other on the two boundaries. The separation of the boundaries has been 
chosen as p = 1 and the instantons at x^^ = 0, r = and x^^ = ir, r = have the size 
0"! = 11 and (72 = 10, respectively. It was sufficient to use the first two terms in the 
series (^5]) only. 




Fig 1: Correction to the string coupling interpolating between two instantons. 



We have not yet checked whether our solution preserves any supersymmetries. This is, 
however, easily done since the vanishing of the supersymmetry variation of the gravitino 
does not depend on the explicit solution for e*" = $, but rather on the structure of the 
Ansatz and the relations between A, B, C. Both are identical to the ones for the ordinary 
5-brane. Consequently, for spinors r] of the form 

r] = e(g)p, p = po (55) 
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and 

(l±7)e = (56) 

the gravitino supersymmetry variation (p!3D vanishes Q. Here, the chirahty sign is the 
same as the one in the Ansatz (^) for G, and is consequently + (— ) for (anti)-selfdual 
instantons. Recall that, in the construction of the solution, we have chosen the instantons 
on both boundaries to be of the same type. Here we find that this is necessary to preserve 
any supersymmetries. Along with the Z2 condition (1 ± o\\)pQ = 0, eq. (|56| ) implies 
that the solution preserves 1/4 of the 11-dimensional supersymmetry and 1/2 of the 
10-dimensional supersymmetry of M-theory on S^/Z2. If we had chosen instantons of 
different types, we would find two chirahty conditions of opposite sign from the two 
boundaries, thereby projecting out the full spinor. 

Finally, we would like to discuss the precise relation of our 11-dimensional solution 
to the corresponding 10-dimensional gauge 5-brane. Generally, since our solution is the 
strongly coupled version of the gauge 5-brane, we expect it to consist of a s^^-independent 
bulk piece identical to the weakly coupled gauge 5-brane plus a;^^-dependent strong cou- 
pling corrections. The field strength Habc oi the 10-dimensional Neveu-Schwarz 2-form 
is the zero mode of Gabcii, which can be computed by averaging 

Habc = ^ < ^'^bcu >= T^eahc^dd < 6^ > . (57) 

Let be the 10-dimensional dilaton related to the string coupling gs by gs = e"*^. Then, 
a comparison of the above equation with the Ansatz for the weakly coupled gauge 5~brane 
leads us to identify g^ = e"^*^ =< e*" >= $o- Recall that $o is the x^^-independent part 
of our solution defined in eq. (|3^) . With this identification, the Bianchi identity (|4T| ) 
for $0 turns exactly into its 10-dimensional counterpart More generally, a reduction 
of the 11-dimensional action to 10 dimensions on a metric with gu^u = e^^ leads to 
the identification g'g = e~^'^ = e^^. For our solution B = C/3 so that g^ = . 



Since the function C depends on x^^, this last equation is not quite correct, but should 
be replaced by its averaged version (7I = e"^"^ =< >= $0- This is in agreement 
with the previous result obtained by matching the form fields. The relation between the 
11-dimensional metric gAB and the 10-dimensional string frame metric ^^gAB is given by 
^^9ab = e~'^'^^^gAB- Our solution (plD for the metric written in the 10-dimensional string 
frame then turns into 

dslo = (1 + e2'^0)-^/^rfx'^rfx'^r/^, + e~2^(l + e^''(t)f''^dy''dy^5ab ■ (58) 

Upon dropping the higher Fourier modes modes of 0, this metric coincides with the one 
for the weakly coupled gauge 5-brane 0. In conclusion, we have seen that sphtting up 

^The decomposition for spinors and gamma matrices is the same as for the ordinary 5-brane explained 
below eq. @. 
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our solution as e*-^ = $o + 0? with an x^^-independent piece $o and an x^^-dependent 
correction with < >= 0, provides the correct correspondence to the 10-dimensional 
gauge 5-brane. In particular $o equals the square of the string coupling. 



6 Conclusions 

In this paper, we have considered soliton solutions of M-theory on jZ^-, the low energy 
theory for the strongly coupled heterotic string. We have found that the membrane solu- 
tion of D = 11 supergravity continues to be a solution of M-theory on 5*^/^2, including 
terms of relative order for membranes oriented orthogonal, as well as parallel, to the 
Z2 hyperplanes. Only in the first case, however, does the solution constitute a BPS state 
of M-theory on jZ^- The term "BPS", in the present context, is understood to label 
solutions which preserve 1/4 of the 11-dimensional supersymmetry and 1/2 of the 10- 
dimensional supersymmetry (on the Z2 hyperplanes) of M-theory on /Z2. Membranes 
oriented parallel to the hyperplanes, on the other hand, do not preserve any supersym- 
metries. This reflects the fact that an orthogonal BPS membrane leads, by dimensional 
reduction in the x^^-direction, to a BPS string, as desired for the weakly coupled heterotic 
theory. A parallel BPS membrane, on the other hand, would lead to a membrane of the 
weakly coupled heterotic theory, which does not exist. It is interesting to trace the nature 
of supersymmetry breaking for parallel membranes. The supersymmetry variation of the 
gravitino can be set to zero near any bulk point x^^ G [— vrp. Tip] for appropriate spinors 
1]. Globally, however, we are faced with the sign flip in the chirality condition (pOf) which 



projects out all globally defined spinors. Hence, all supersymmetries are broken. This 
mechanism is reminiscent of global supersymmetry breaking by gaugino condensation. 
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The situation for the 11-dimensional 5-brane is similar, but with the role of the 
orientations being reversed. For both possible orientations it is a solution of M-theory 
on 5*^/^2. However, the solution is BPS for parallel 5-branes only. The orthogonal 5- 
brane, on the other hand, does not preserve any supersymmetry. Again, this reflects the 
properties of the weakly coupled heterotic theory m D = 10, which has a 5-brane but not 
a 4-brane solution. 

The 10-dimensional gauge 5-brane generalizes to the full 11-dimensional theory in 
a nontrivial way. Unlike the membrane and 5-brane solutions, the gauge 5-brane does 
receive nontrivial corrections of order k?/'^. This happens because the instantons on the 
hyperplanes switch on the anomalous terms in the Bianchi identity. We have presented 
a solution for this strongly coupled gauge 5-brane which makes its relation to the weakly 
coupled counterpart transparent. In particular, our solution contains an x^^-independent 
bulk component which in a case of a single instanton exactly coincides with the weakly 
coupled gauge 5-brane. On top of this component comes an x^^-dependent part which is 
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needed to interpolate between the instantons on different planes. It represents the strong 
coupling effect in the gauge 5-brane solution. This x^^-dependent part has been computed 
in an expansion scheme which is quickly converging as long as the gauge field varies slowly 
compared to the separation of the hyperplancs. However, it should be noted that formally 
the sohition we have given solves the equation for in general. In the present case it is 
possible to approximate the solution very well just with the first two terms, but in more 
general cases the convergence may be much slower, in particular if one moves away from 
the hyperplanes. Clearly, this method of finding solutions to the Horava-Witten model is 
not restricted to instanton type configurations, but can be applied to any physical gauge 
configuration on the boundaries. It is also particularly well suited to analyze the relation 
of the 11-dimensional theory to its 10-dimensional limit. An explicit example of the x^^- 
dependent part of our solution for two instantons of different sizes located opposite to 
each other on different hyperplanes has been depicted in Figure 1. For instantons of the 
same type (both selfdual or both anti-selfdual) our solution preserves one-quarter of the 
11-dimensional supersymmetry and one-half of the 10-dimensional supersymmetry. 

These gauge 5-brane solutions are the first explicit examples of soliton solutions in 
the field-theoretical limit of M-theory on S^/Z2 which receive nontrivial strong-coupling 
corrections. 
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